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Abstract
We study the existence and regularity of solutions to the Cauchy
problem for the inhomogeneous heat equation on compact Riemannian
manifolds with conical singularities. We introduce weighted Ho¨lder and
Sobolev spaces with discrete asymptotics and we prove existence and max-
imal regularity of solutions to the Cauchy problem for the inhomogeneous
heat equation, when the free term lies in a weighted parabolic Ho¨lder or
Sobolev space with discrete asymptotics. This generalizes a result previ-
ously obtained by Coriasco, Schrohe, and Seiler [5, Thm. 7.2] by different
means.
1 Introduction
In this paper we study the Cauchy problem for the inhomogeneous heat equa-
tion on compact Riemannian manifolds with conical singularities. More pre-
cisely, when (M, g) is a compact Riemannian manifold with conical singularities
x1, . . . , xn and T > 0, then we study the existence and regularity of solutions
to the Cauchy problem
∂tu(t, x) = ∆gu(t, x) + f(t, x), for (t, x) ∈ (0, T )×M ′,
u(0, x) = 0, for x ∈M ′, (1)
where f : (0, T ) ×M ′ → R is a given function and M ′ = M\{x1, . . . , xn}. In
this problem it seems natural to assume that f belongs to a weighted parabolic
Ho¨lder or Sobolev space. Weighted Ho¨lder and Sobolev spaces are generaliza-
tions of the usual Ho¨lder and Sobolev spaces on a compact Riemannian man-
ifold, which have a further parameter that describes the rate of decay of a
function near each conical singularity. It turns out, however, that in general
the Cauchy problem (1) does not have solutions with maximal regularity in
weighted parabolic Ho¨lder or Sobolev spaces. By maximal regularity we simply
mean that the solution to the Cauchy problem (1) has the most regularity, i.e.
differentiability and rate of decay, one can expect. To overcome this problem we
introduce weighted Ho¨lder and Sobolev spaces with discrete asymptotics. These
are enlargements of the weighted Ho¨lder and Sobolev spaces by certain finite
dimensional spaces of functions. We then prove existence and maximal regular-
ity of solutions to the Cauchy problem (1), when f lies in a weighted parabolic
Ho¨lder or Sobolev space with discrete asymptotics. Our results make Inverse
1
Function Theorem arguments applicable to short time existence problems for
nonlinear parabolic equations on Riemannian manifolds with conical singulari-
ties. One application of this kind can be found in [3] and in the author’s thesis
[4] where the Lagrangian mean curvature flow with isolated conical singularities
is studied and Theorem 4.8 is applied.
We give a short overview of this paper. In §2 we introduce Riemannian
manifolds with conical singularities, weighted Ho¨lder and Sobolev spaces, and
we discuss the Laplace operator acting on weighted Ho¨lder and Sobolev spaces.
Then we introduce the notion of discrete asymptotics, define weighted Ho¨lder
and Sobolev spaces with discrete asymptotics, and study the Laplace operator
acting on weighted Ho¨lder and Sobolev spaces with discrete asymptotics. In §3
we first review the construction of the Friedrichs heat kernel on general Rieman-
nian manifolds. Then we discuss in an informal way the parametrix construction
for the Friedrichs heat kernel on compact Riemannian manifolds with conical
singularities following Mooers [13]. In §4 we then study the Cauchy problem (1)
on compact Riemannian manifold with conical singularities. We first introduce
weighted parabolic Ho¨lder and Sobolev spaces with discrete asymptotics and
prove weighted Schauder and weighted Lp-estimates. Finally, in Theorems 4.5
and 4.8, we prove existence and maximal regularity of solutions to the Cauchy
problem (1) when the free term lies in a weighted parabolic Ho¨lder or Sobolev
space with discrete asymptotics. Theorems 4.5 and 4.8 generalize a result that
was previously obtained by Coriasco, Schrohe, and Seiler in [5, Thm. 7.2].
The author wishes to thank Dominic Joyce for useful comments and Jo¨rg
Seiler for pointing out mistakes in a previous proof of Theorem 4.8. This work
was supported by a Sloane Robinson Foundation Award and by an EPSRC
Research studentship.
2 Riemannian manifolds with conical singulari-
ties
We begin with the definition of Riemannian cones.
Definition 2.1. Let (Σ, h) be an (m − 1)-dimensional compact and connected
Riemannian manifold, m ≥ 1. Let C = (Σ× (0,∞))⊔ {0} and C′ = Σ× (0,∞)
and write a general point in C′ as (σ, r). Define a Riemannian metric on C′
by g = dr2 + r2h. Then we say that (C, g) is the Riemannian cone over (Σ, h)
with Riemannian cone metric g.
Next we define compact Riemannian manifolds with conical singularities.
Definition 2.2. Let (M,d) be a metric space, x1, . . . , xn distinct points in M ,
and denote M ′ = M\{x1, . . . , xn}. Assume that M ′ has the structure of a
smooth and connectedm-dimensional manifold, and that we are given a Rieman-
nian metric g on M ′ that induces the metric d on M ′. Then we say that (M, g)
is an m-dimensional Riemannian manifold with conical singularities x1, . . . , xn,
if the following hold.
(i) We are given R > 0 such that d(xi, xj) > 2R for 1 ≤ i < j ≤ n and
compact and connected (m−1)-dimensional Riemannian manifolds (Σi, hi)
for i = 1, . . . , n. Denote by (Ci, gi) the Riemannian cone over (Σi, hi) for
i = 1, . . . , n.
2
(ii) For i = 1, . . . , n denote Si = {x ∈ M : 0 < d(x, xi) < R}. Then there
exist µi ∈ R with µi > 0 and diffeomorphisms φi : Σi × (0, R)→ Si, such
that ∣∣∇k(φ∗i (g)− gi)∣∣ = O(rµi−k) as r −→ 0 for k ∈ N (2)
and i = 1, . . . , n. Here ∇ and | · | are computed using the Riemannian
cone metric gi on Σi × (0, R) for i = 1, . . . , n.
Additionally, if (M,d) is a compact metric space, then we say that (M, g) is a
compact Riemannian manifold with conical singularities.
Finally we introduce the notion of a radius function.
Definition 2.3. Let (M, g) be a Riemannian manifold with conical singularities
as in Definition 2.2. A radius function on M ′ is a smooth function ρ : M ′ →
(0, 1], such that ρ ≡ 1 on M ′\⋃ni=1 Si and
|φ∗i (ρ)− r| = O(r1+ε) as r −→ 0 (3)
for some ε > 0. Here | · | is computed using the Riemannian cone metric gi on
Σi × (0, R) for i = 1, . . . , n. A radius function always exists.
If ρ is a radius function on M ′ and γ = (γ1, . . . , γn) ∈ Rn, then we define
a function ργ on M ′ as follows. On Si we set ρ
γ = ργi for i = 1, . . . , n and
ργ ≡ 1 otherwise. Moreover, if γ,µ ∈ Rn, then we write γ ≤ µ if γi ≤ µi for
i = 1, . . . , n, and γ < µ if γi < µi for i = 1, . . . , n. Finally, if γ ∈ Rn and a ∈ R,
then we denote γ + a = (γ1 + a, . . . , γn + a) ∈ Rn.
2.1 Weighted Ho¨lder and Sobolev spaces
Throughout this subsection (M, g) will denote a compact m-dimensional Rie-
mannian manifold with conical singularities as in Definition 2.2.
We begin by introducing weighted Ck-spaces and weighted Ho¨lder spaces.
For k ∈ N we denote by Ckloc(M) the space of k-times continuously differentiable
functions u :M ′ → R and we set C∞(M ′) = ⋂k∈N Ckloc(M ′), which is the space
of smooth functions on M ′. For γ ∈ Rn we define the Ckγ -norm by
‖u‖Ckγ =
k∑
j=0
sup
x∈M ′
|ρ(x)−γ+j∇ju(x)| for u ∈ Ckloc(M ′),
whenever it is finite. A different choice of radius function defines an equivalent
norm. Note that u ∈ Ckloc(M ′) has finite Ckγ -norm if and only if ∇ju grows at
most like ργ−j for j = 0, . . . , k as ρ → 0. We define the weighted Ck-space
Ckγ(M
′) by
Ckγ(M
′) =
{
u ∈ Ckloc(M ′) : ‖u‖Ckγ <∞
}
.
Then Ckγ(M
′) is a Banach space. We also set C∞γ (M
′) =
⋂
k∈N C
k
γ(M
′). The
space C∞γ (M
′) is in general not a Banach space.
Next we introduce weighted Ho¨lder spaces. Let α ∈ (0, 1) and T be a tensor
field over M ′. We define a seminorm by
[T ]α,γ = sup
x 6=y∈M ′
d(x,y)<δg(x)
{
min
{
ρ(x)−γ , ρ(y)−γ
} |T (x)− T (y)|
d(x, y)α
}
,
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whenever it is finite. Here d(x, y) denotes the Riemannian distance of x and y
with respect to g, and δg(x) denotes the injectivity radius of g at x. Moreover,
|T (x)−T (y)| is understood in the sense that we first take the parallel transport
of T (x) along the unique minimizing geodesic connecting x and y, and then
compute the norm at the point y. We define the Ck,αγ -norm by
‖u‖Ck,αγ = ‖u‖Ckγ + [∇
ku]α,γ−k for u ∈ Ckloc(M ′),
whenever it is finite. The weighted Ho¨lder space Ck,αγ (M
′) is given by
Ck,αγ (M
′) =
{
u ∈ Ckγ(M ′) : ‖u‖Ck,αγ <∞
}
.
Then Ck,αγ (M
′) is a Banach space.
Next we define Sobolev spaces on M ′. For a k-times weakly differentiable
function u :M ′ → R the W k,p-norm is given by
‖u‖Wk,p =

 k∑
j=0
∫
M ′
|∇ju|p dVg


1/p
,
whenever it is finite. Denote by W k,ploc (M
′) the space of k-times weakly differ-
entiable functions on M ′ that have locally a finite W k,p-norm and define the
Sobolev space W k,p(M ′) by
W k,p(M ′) =
{
u ∈W k,ploc (M ′) : ‖u‖Wk,p <∞
}
.
Then W k,p(M ′) is a Banach space. If k = 0, then we write Lploc(M
′) and
Lp(M ′) instead of W 0,ploc (M
′) and W 0,p(M ′), respectively. Moreover, if p = 2 we
can define a scalar product on W k,2(M ′) by
〈u, v〉Wk,2 =
k∑
j=0
∫
M ′
g(∇ju,∇jv) dVg for u, v ∈W k,2(M ′). (4)
Thus W k,2(M ′) is a Hilbert space.
Finally we define weighted Sobolev spaces. For k ∈ N, p ∈ [1,∞), and
γ ∈ Rn we define the W k,pγ -norm by
‖u‖Wk,pγ =

 k∑
j=0
∫
M ′
|ρ−γ+j∇ju|pρ−m dVg


1/p
for u ∈ W k,ploc (M ′),
whenever it is finite. A different choice of radius function defines an equivalent
norm. We define the weighted Sobolev space W k,pγ (M
′) by
W k,pγ (M
′) =
{
u ∈W k,ploc (M ′) : ‖u‖Wk,pγ <∞
}
.
Then W k,pγ (M
′) is a Banach space. If k = 0, then we write Lpγ(M
′) instead of
W 0,pγ (M
′). Note that Lp(M ′) = Lp−m/p(M
′) and that C∞cs (M
′), the space of
smooth functions on M ′ with compact support, is dense in W k,pγ (M
′) for every
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k ∈ N, p ∈ [1,∞), and γ ∈ Rn. Moreover if p = 2, then we can define a scalar
product by
〈u, v〉Wk,2γ =
k∑
j=0
∫
M ′
ρ−2γ+2jg(∇ju,∇jv)ρ−m dVg for u, v ∈W k,2γ (M ′).
Thus W k,2γ (M
′) is a Hilbert space.
The following proposition follows immediately from Ho¨lder’s inequality.
Proposition 2.4. Let p, q ∈ (1,∞) with 1p+ 1q = 1 and γ ∈ Rn. Then 〈·, ·〉L2 as
defined in (4) defines a dual pairing Lpγ(M
′)× Lq−m−γ(M ′)→ R. In particular
Lpγ(M
′) and Lq−m−γ(M
′) are Banach space duals of each other.
An important tool in the study of partial differential equations is the Sobolev
Embedding Theorem, which gives embeddings between Sobolev spaces and of
Sobolev spaces into Ho¨lder spaces. The next theorem is a version of the Sobolev
Embedding Theorem for weighted Ho¨lder and Sobolev spaces.
Theorem 2.5. Let (M, g) be a compact m-dimensional Riemannian manifold
with conical singularities as in Definition 2.2. Let k, l ∈ N, p, q ∈ [1,∞),
α ∈ (0, 1), and γ, δ ∈ Rn. Then the following hold.
(i) If 1p ≤ 1q + k−lm and γ ≥ δ then W k,pγ (M ′) embeds continuously into
W l,qδ (M
′) by inclusion.
(ii) If k − mp ≥ l + α and γ ≥ δ, then W k,pγ (M ′) embeds continuously into
Cl,αδ (M
′) by inclusion.
The proof of the Theorem 2.5 can be found in Bartnik [2, Thm. 1.2] for the case
when (M, g) is an asymptotically Euclidean manifold. The proof of the Sobolev
Embedding Theorem for weighted spaces on compact Riemannian manifolds
with conical singularities is then a simple modification of Bartnik’s proof.
2.2 The Laplace operator on compact Riemannian mani-
folds with conical singularities. I
In this subsection we study the Laplace operator acting on weighted Ho¨lder and
Sobolev spaces. The presentation of this material mainly follow’s Joyce [7, §2].
Let (Σ, h) be a compact and connected (m − 1)-dimensional Riemannian
manifold, m ≥ 1, and let (C, g) be the Riemannian cone over (Σ, h) as in
Definition 2.1. A function u : C′ → R is said to be homogeneous of order α, if
there exists a function ϕ : Σ → R, such that u(σ, r) = rαϕ(σ) for (σ, r) ∈ C′.
A straightforward computation shows that the Laplace operator on C′ is given
by ∆gu = ∂
2
ru + (m − 1)r−1∂ru + r−2∆hu, and the following lemma is easily
verified.
Lemma 2.6. A homogeneous function u(σ, r) = rαϕ(σ) of order α ∈ R on C′
with ϕ ∈ C2(Σ) is harmonic if and only if ∆hϕ = −α(α +m− 2)ϕ. Note that
if u is harmonic, then ϕ ∈ C∞(Σ) by elliptic regularity.
Define
DΣ = {α ∈ R : −α(α+m− 2) is an eigenvalue of ∆h}. (5)
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Then DΣ is a discrete subset of R with no other accumulation points than ±∞.
Moreover DΣ∩ (2−m, 0) = ∅, since ∆h is non-positive, and finally from Lemma
2.6 it follows that DΣ is the set of all α ∈ R for which there exists a nonzero
homogeneous harmonic function of order α on C′. Define a function
mΣ : R −→ N, mΣ(α) = dimker(∆h + α(α+m− 2)).
Then mΣ(α) is the multiplicity of the eigenvalue −α(α + m − 2). Note that
mΣ(α) 6= 0 if and only if α /∈ DΣ. Finally we define a function MΣ : R→ Z by
MΣ(δ) = −
∑
α∈DΣ∩(δ,0)
mΣ(α) if δ < 0, MΣ(δ) =
∑
α∈DΣ∩[0,δ)
mΣ(α) if δ ≥ 0.
Then MΣ is a monotone increasing function that is discontinuous exactly on
DΣ. As DΣ ∩ (2 −m, 0) = ∅, we see that MΣ ≡ 0 on (2 −m, 0). The set DΣ
and the function MΣ play an important roˆle in the Fredholm theory for the
Laplace operator on compact Riemannian manifolds with conical singularities,
see Theorem 2.8 below.
The next proposition gives the weighted Schauder and Lp-estimates for the
Laplace operator on compact Riemannian manifolds with conical singularities.
Proposition 2.7. Let (M, g) be a compact Riemannian manifold with conical
singularities as in Definition 2.2 and γ ∈ Rn. Let u, f ∈ L1loc(M ′) and assume
that ∆gu = f holds in the weak sense. Then the following hold.
(i) Let k ∈ N with k ≥ 2 and α ∈ (0, 1). If f ∈ Ck−2,αγ−2 (M ′) and u ∈ C0γ(M ′),
then u ∈ Ck,αγ (M ′). Moreover there exists a constant c > 0 independent
of u and f , such that
‖u‖Ck,αγ ≤ c
(
‖f‖Ck−2,αγ−2 + ‖u‖C0γ
)
. (6)
(ii) Let k ∈ N with k ≥ 2 and p ∈ (1,∞). If f ∈ W k−2,pγ−2 (M ′) and u ∈ Lpγ(M ′),
then u ∈ W k,pγ (M ′). Moreover there exists a constant c > 0 independent
of u and f , such that
‖u‖Wk,pγ ≤ c
(
‖f‖Wk−2,pγ−2 + ‖u‖Lpγ
)
. (7)
A proof of Proposition 2.7 can be found in Marshall’s thesis [11, Thm. 4.21].
The next theorem is the main Fredholm theorem for the Laplace operator
on compact Riemannian manifolds with conical singularities.
Theorem 2.8. Let (M, g) be a compact m-dimensional Riemannian manifold
with conical singularities as in Definition 2.2, m ≥ 3, and γ ∈ Rn. Then the
following hold.
(i) Let k ∈ N with k ≥ 2 and α ∈ (0, 1). Then
∆g : C
k,α
γ (M
′)→ Ck−2,αγ−2 (M ′) (8)
is a Fredholm operator if and only if γi /∈ DΣi for i = 1, . . . , n. If γi /∈ DΣi
for i = 1, . . . , n, then the Fredholm index of (8) is equal to −∑ni=1MΣi(γi).
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(ii) Let k ∈ N with k ≥ 2 and p ∈ (1,∞). Then
∆g :W
k,p
γ (M
′)→ W k−2,pγ−2 (M ′) (9)
is a Fredholm operator if and only if γi /∈ DΣi for i = 1, . . . , n. If γi /∈ DΣi
for i = 1, . . . , n, then the Fredholm index of (9) is equal to −∑ni=1MΣi(γi).
Furthermore the kernel of the operators (8) and (9) is constant in γ ∈ Rn on
the connected components of (R\DΣ1)× · · · × (R\DΣn).
The proof of Theorem 2.8 can be found in Lockhart and McOwen [10, Thm. 6.1]
and in Marshall [11, Thm. 6.9]. In fact, Lockhart and McOwen prove the second
part of Theorem 2.8 for the Laplace operator acting on weighted Sobolev spaces
and Marshall deduces the first part of Theorem 2.8 for the Laplace operator
acting on weighted Ho¨lder spaces from the results of Lockhart and McOwen.
The following proposition is a simple consequence of Proposition 2.4 and
Theorem 2.8.
Proposition 2.9. Let (M, g) be a compact m-dimensional Riemannian mani-
fold with conical singularities as in Definition 2.2, m ≥ 3. Let k ∈ N with k ≥ 2,
p, q ∈ (1,∞) with 1p + 1q = 1, and γ ∈ Rn with γi /∈ DΣi for i = 1, . . . , n. Then
(9) is a Fredholm operator and its cokernel is isomorphic to the kernel of the
operator ∆g :W
k,q
2−m−γ(M
′)→ W k−2,q−m−γ(M ′).
As before let (Σ, h) be a compact and connected (m − 1)-dimensional Rie-
mannian manifold, m ≥ 1, and (C, g) the Riemannian cone over (Σ, h). Define
EΣ = DΣ ∪ {β ∈ R : β = α+ 2k for α ∈ DΣ, k ∈ N with α ≥ 0 and k ≥ 1}
and a function nΣ : R −→ N by
nΣ(β) = mΣ(β) +
∑
k≥1, 2k≤β
mΣ(β − 2k).
Clearly if β /∈ EΣ, then nΣ(β) = 0. Also note that if β < 2, then nΣ(β) = mΣ(β).
Moreover, if β ∈ EΣ, then nΣ(β) counts the multiplicity of the eigenvalues
−β(β +m− 2),−(β − 2)((β − 2) +m− 2), . . . ,−(β − 2k)((β − 2k) +m− 2)
for 2k ≤ β. Finally we define a function NΣ : R −→ N by
NΣ(δ) = −
∑
β∈DΣ∩(δ,0)
nΣ(β) if δ < 0, NΣ(δ) =
∑
β∈DΣ∩[0,δ)
nΣ(β) if δ ≥ 0. (10)
Then NΣ(δ) =MΣ(δ) for δ ≤ 2 and
MΣ(δ) = NΣ(δ)−NΣ(δ − 2) for δ ∈ R with δ > 2. (11)
The set EΣ and the function NΣ play a similar roˆle in the study of the heat
equation on compact Riemannian manifolds with conical singularities as DΣ
and MΣ do in the study of the Laplace operator, see Theorems 4.5 and 4.8
below.
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2.3 Weighted Ho¨lder and Sobolev spaces with discrete
asymptotics
In this subsection we first explain the construction of discrete asymptotics on
Riemannian manifolds with conical singularities and then define weighted Ho¨lder
and Sobolev spaces with discrete asymptotics. The notion of discrete asymp-
totics in our specific setting appears to be new. There is however a strong
similarity between our definition of discrete asymptotics and the index sets for
polyhomogeneous conormal distributions considered by Melrose [12, Ch. 5, §10]
and the asymptotic types considered by Schulze [15, Ch. 2, §3].
We first explain our motivation for the introduction of discrete asymptotics.
If (M, g) is a compact m-dimensional Riemannian manifold with conical singu-
larities as in Definition 2.2, m ≥ 3, and γ ∈ Rn with γi /∈ DΣi for i = 1, . . . , n,
then for every k ∈ N with k ≥ 2 and p ∈ (1,∞), ∆g :W k,pγ (M ′)→W k−2,pγ−2 (M ′)
is a Fredholm operator by Theorem 2.8. If γ > 0, then it follows from Theorem
2.8 that the Fredholm index of ∆g : W
k,p
γ (M
′) → W k−2,pγ−2 (M ′) is negative, so
∆g :W
k,p
γ (M
′)→W k−2,pγ−2 (M ′) has a cokernel. The main idea behind our defini-
tion of discrete asymptotics is to enlarge the spaces W k,pγ (M
′) and W k−2,pγ−2 (M
′)
by finite dimensional spaces of functions that decay slower than ργ and ργ−2, re-
spectively, and that cancel the cokernel of ∆g :W
k,p
γ (M
′)→W k−2,pγ−2 (M ′). More
precisely our goal is to construct two finite dimensional spaces V1 and V2 consist-
ing of functions that decay slower than ργ and ργ−2, respectively, and V2 ⊂ V1
such that the Laplace operator maps W k,pγ (M
′)⊕V1 into W k−2,pγ−2 (M ′)⊕V2 and
index
{
∆g :W
k,p
γ (M
′)⊕ V1 −→W k−2,pγ−2 (M ′)⊕ V2
}
= 0 (12)
We begin with the construction of the model space for the discrete asymp-
totics. Let (Σ, h) be a compact and connected (m−1)-dimensional Riemannian
manifold, m ≥ 1, and let (C, g) be the Riemannian cone over (Σ, h). For γ ∈ R
we denote
Hγ(C
′) = span {u = rαϕ : 0 ≤ α < γ, ϕ ∈ C∞(Σ), u is harmonic} ,
which is the space of homogeneous harmonic functions of order α with 0 ≤
α < γ. Then dimHγ(C
′) = MΣ(γ) for γ ≥ 2 −m, so Hγ(C′) is at least one
dimensional for γ > 0. We define a finite dimensional vector space VPγ (C
′) by
VPγ (C
′) = span
{
v = r2ku : k ∈ N, u = rαϕ ∈ Hγ(C′) and α+ 2k < γ
}
.
Note that the Laplace operator on C′ maps VPγ (C
′)→ VPγ−2(C′) for every γ ∈ R
and is a nilpotent map VPγ (C
′)→ VPγ (C′). Also note that dimVPγ (C′) = NΣ(γ)
and VPγ (C
′) = Hγ(C
′) for γ ≤ 2. The space VPγ (C′) serves as the model space
in the definition of discrete asymptotics on general Riemannian manifolds with
conical singularities.
The definition of discrete asymptotics on compact Riemannian manifolds
with conical singularities is based on the following proposition.
Proposition 2.10. Let (M, g) be a compact m-dimensional Riemannian man-
ifold with conical singularities as in Definition 2.2, m ≥ 3, and γ ∈ Rn. Then
for every ε > 0 there exists a linear map
Ψγ :
n⊕
i=1
VPγi (C
′
i) −→ C∞(M ′),
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such that the following hold.
(i) For every v ∈⊕ni=1 VPγi (C′i) with v = (v1, . . . , vn) and vi = rβiϕi where
ϕi ∈ C∞(Σi) for i = 1, . . . , n we have
|∇k(φ∗i (Ψγ(v)) − vi)| = O(rµi−ε+βi−k) as r −→ 0 for k ∈ N
and i = 1, . . . , n.
(ii) For every v ∈⊕ni=1 VPγi (C′i) with v = (v1, . . . , vn) we have
∆g(Ψγ(v)) −
n∑
i=0
Ψγ(∆givi) ∈ C∞cs (M ′).
Proposition 2.10 is proved using the asymptotic condition (2) and Theorem 2.8.
We will not give a proof here as it is mainly technical, but refer the interested
reader to the author’s thesis [4, Prop. 6.14].
Using Proposition 2.10 we can now define weighted Ck-spaces, Ho¨lder spaces,
and Sobolev spaces with discrete asymptotics on compact Riemannian manifolds
with conical singularities as follows. If (M, g) is a compact m-dimensional Rie-
mannian manifold with conical singularities, m ≥ 3, then for k ∈ N, α ∈ (0, 1),
and γ ∈ Rn we define
Ckγ,Pγ (M
′) = Ckγ(M
′)⊕ im Ψγ and Ck,αγ,Pγ (M ′) = Ck,αγ (M ′)⊕ im Ψγ .
Finally if p ∈ [1,∞), then we define the weighted Sobolev space with discrete
asymptotics W k,pγ,Pγ (M
′) by
W k,pγ,Pγ (M
′) =W k,pγ (M
′)⊕ im Ψγ .
Then Ckγ,Pγ (M
′), Ck,αγ,Pγ (M
′), and W k,pγ,Pγ (M
′) are Banach spaces, where the
norm on the discrete asymptotics part is some finite dimensional norm. Note
that the discrete asymptotics are trivial if γ ≤ 0, so that in this case the weighted
spaces with discrete asymptotics are simply weighted spaces as defined in §2.1.
2.4 The Laplace operator on compact Riemannian mani-
folds with conical singularities. II
If (M, g) is a compact Riemannian manifold, then it is well known that the
Laplace operator defines an isomorphism of Banach spaces
∆g :
{
u ∈ W k,p(M) : ∫M u dVg = 0} −→ {u ∈ W k−2,p(M) : ∫M u dVg = 0}
for every k ∈ N with k ≥ 2 and p ∈ (1,∞). The result continues to hold if we
replace the Sobolev spaces by Ho¨lder spaces, see Aubin [1, Ch. 4, Thm. 4.7].
Using the weighted Ho¨lder and Sobolev spaces with discrete asymptotics we can
now state a similar result for the Laplace operator on Riemannian manifolds
with conical singularities.
Let (M, g) be a compact m-dimensional Riemannian manifold with conical
singularities as in Definition 2.2, m ≥ 3, and γ ∈ Rn with γ > 2 − m. For
k ∈ N and α ∈ (0, 1) we then define Ck,αγ,Pγ (M ′)0 to consist of u ∈ C
k,α
γ,Pγ
(M ′)
with
∫
M ′
u dVg = 0, and in a similar way for p ∈ [1,∞) we let W k,pγ,Pγ (M ′)0 be
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the space of functions u ∈ W k,pγ,Pγ (M ′) with
∫
M ′
u dVg = 0. From Proposition
2.10 it follows that for k ∈ N with k ≥ 2 and α ∈ (0, 1), ∆g : Ck,αγ,Pγ (M ′)0 →
Ck−2,αγ−2,Pγ−2(M
′)0 and for p ∈ [1,∞), ∆g : W k,pγ,Pγ (M ′)0 → W
k−2,p
γ−2,Pγ−2
(M ′)0 are
well defined linear operators. We then have the following result, which also
verifies (12).
Proposition 2.11. Let (M, g) be a compact m-dimensional Riemannian man-
ifold with conical singularities, m ≥ 3, and γ ∈ Rn with γ > 2−m and γi /∈ EΣi
for i = 1, . . . , n. Then the following hold.
(i) Let k ∈ N with k ≥ 2 and α ∈ (0, 1). Then
∆g : C
k,α
γ,Pγ
(M ′)0 → Ck−2,αγ−2,Pγ−2(M ′)0 (13)
is an isomorphism of Banach spaces.
(ii) Let k ∈ N with k ≥ 2 and p ∈ (1,∞). Then
∆g :W
k,p
γ,Pγ
(M ′)0 →W k−2,pγ−2,Pγ−2(M ′)0 (14)
is an isomorphism of Banach spaces.
Proof. We demonstrate the proof of (i), the proof of (ii) goes similarly. Thus
let k ∈ N with k ≥ 2, α ∈ (0, 1), and γ ∈ Rn with γ > 2 − m and γi /∈ EΣi
for i = 1, . . . , n. Then by Theorem 2.8, ∆g : C
k,α
γ (M
′)0 −→ Ck−2,αγ−2 (M ′)0 is a
Fredholm operator and
index
{
∆g : C
k,α
γ (M
′)0 −→ Ck−2,αγ−2 (M ′)0
}
= −
n∑
i=1
MΣi(γi). (15)
When we replace Ck,αγ−2(M
′)0 by C
k,α
γ−2,Pγ−2
(M ′)0 and C
k,α
γ (M
′)0 by the space
Ck,αγ,Pγ (M
′)0 in (15), then
index
{
∆g : C
k,α
γ,Pγ
(M ′)0 → Ck−2,αγ−2,Pγ−2(M ′)0
}
=
−
n∑
i=1
MΣi(γi)− dim im Ψγ−2 + dim im Ψγ
(16)
By definition of Ψγ and Ψγ−2 we have that dim im Ψγ =
∑n
i=1NΣi(γi) and
dim im Ψγ−2 =
∑n
i=1NΣi(γi − 2), where NΣi is defined in (10). Using (11) we
then conclude from (16) that
index
{
∆g : C
k,α
γ,Pγ
(M ′)0 → Ck−2,αγ−2,Pγ−2(M ′)0
}
= 0.
Thus (12) holds and in order to show that ∆g : C
k,α
γ,Pγ
(M ′)0 → Ck−2,αγ−2,Pγ−2(M ′)0
is a bijection it suffices to show that the kernel is trivial.
Let u ∈ Ck,αγ,Pγ (M ′)0, such that ∆gu = 0, and let us first assume that γ >
1
2 (2−m). Then integration by parts gives
0 =
∫
M ′
u∆gu dVg = −
∫
M ′
|du|2 dVg
10
and hence du = 0. So u is constant on M ′, but
∫
M ′
u dVg = 0, and hence u ≡ 0.
Since (2 − m, 0)n is a connected subset of (Rn\DΣ1) × · · · × (Rn\DΣn) that
contains (12 (2−m), . . . , 12 (2−m)), it follows from Theorem 2.8 that the kernel
of ∆g : C
k,α
γ,Pγ
(M ′)0 → Ck−2,αγ−2,Pγ−2(M ′)0 is trivial for every γ > 2 − m. Hence
∆g : C
k,α
γ,Pγ
(M ′)0 → Ck−2,αγ−2,Pγ−2(M ′)0 is a bijection, and the Open Mapping
Theorem [16, Ch. II, §5] implies that this operator is an isomorphism of Banach
spaces.
The next proposition is a version of the Schauder and Lp-estimates for the
Laplace operator acting on weighted spaces with discrete asymptotics.
Proposition 2.12. Let (M, g) be a compact m-dimensional Riemannian man-
ifold with conical singularities as in Definition 2.2, m ≥ 3, and γ ∈ Rn with
γi /∈ EΣi for i = 1, . . . , n. Let u, f ∈ L1loc(M ′) and assume that ∆gu = f holds
in the weak sense. Then the following hold.
(i) Let k ∈ N with k ≥ 2 and α ∈ (0, 1). If f ∈ Ck−2,αγ−2,Pγ−2(M ′) and u ∈
C0γ,Pγ (M
′), then u ∈ Ck,αγ,Pγ (M ′). Moreover there exists a constant c > 0
independent of u and f , such that
‖u‖Ck,α
γ,Pγ
≤ c
(
‖f‖Ck−2,α
γ−2,Pγ−2
+ ‖u‖C0
γ,Pγ
)
. (17)
(ii) Let k ∈ N with k ≥ 2 and p ∈ (1,∞). If f ∈ W k−2,pγ−2,Pγ−2(M ′) and u ∈
Lpγ,Pγ (M
′), then u ∈ W k,pγ,Pγ (M ′). Moreover there exists a constant c > 0
independent of u and f , such that
‖u‖Wk,p
γ,Pγ
≤ c
(
‖f‖Wk−2,p
γ−2,Pγ−2
+ ‖u‖Lp
γ,Pγ
)
. (18)
Proof. We demonstrate the proof of (i), the proof of (ii) goes similarly. We can
assume that γ > 0, since otherwise the discrete asymptotics are trivial and we
are in the situation of Proposition 2.7. Let k ∈ N with k ≥ 2, α ∈ (0, 1), and
assume that f ∈ Ck−2,αγ−2,Pγ−2(M ′) and u ∈ C0γ,Pγ (M ′). Using that the discrete
asymptotics are bounded functions on M ′ and the weighted Schauder estimates
from (6) we find that u ∈ Ck,α0 (M ′). Hence ∆gu = f and
∫
M ′ f dVg = 0. Choose
φ ∈ C∞cs (M ′) with
∫
M ′ φ dVg = 1 and write u = u0 + λφ with u0 ∈ Ck,α0 (M ′)0
and λ ∈ R. Then Proposition 2.11, (i), implies u0 ∈ Ck,αγ,Pγ (M ′)0 and thus
u ∈ Ck,αγ,Pγ (M ′) as we wanted to show.
It remains to prove the estimate (17). Write u = u1+u2 with u1 ∈ Ck,αγ (M ′),
u2 ∈ im Ψγ and f = f1 + f2 with f1 ∈ Ck−2,αγ−2 (M ′) and f2 ∈ im Ψγ−2. Then
∆gu1 + πCk−2,αγ−2
(∆gu2) = f1 and πim Ψγ−2(∆gu2) = f2,
where πX denotes the projection onto the spaceX . Using the weighted Schauder
estimates and the continuity of the linear operator πCk−2,αγ−2
◦ ∆g : im Ψγ →
11
Ck−2,αγ−2 (M
′) we find
‖u1‖Ck,αγ ≤ c
(
‖f1‖Ck−2,αγ−2 + ‖πCk−2,αγ−2 (∆gu2)‖Ck−2,αγ−2 + ‖u1‖C0γ
)
≤ c
(
‖f1‖Ck−2,αγ−2 + ‖u2‖im Ψγ + ‖u1‖C0γ
)
= c
(
‖f1‖Ck−2,αγ−2 + ‖u‖C0γ,Pγ
)
.
Lastly we estimate u2 in terms of f . Choose some small ε > 0 such that
[γi − ε, γi] ∩ DΣi = ∅ for i = 1, . . . , n. Then by Theorem 2.8 and Proposition
2.9, ∆g : W
k,2
γ−ε(M
′) → W k−2,2γ−ε−2(M ′) is a Fredholm operator with cokernel
being isomorphic to the kernel of ∆g :W
k,2
2−m−γ+ε(M)→ W k−2,2−m−γ+ε(M ′). Since
u1 ∈ Ck,αγ (M ′), also u1 ∈ W k,pγ−ε(M ′). Using integration by parts we therefore
find that
〈h, f1〉L2 = 〈h,∆gu1 + πCk−2,pγ−2 (∆gu2)〉L2 = 〈h, πCk−2,pγ−2 (∆gu2)〉L2
for h ∈ ker{∆g : W k,22−m−γ+ε(M ′) → W k−2,2−m−γ+ε(M ′)}. Therefore f1 determines∑n
i=1MΣi(γi) components of u2. Moreover πim Ψγ−2(∆gu2) = f2, and hence
f2 determines
∑n
i=1NΣi(γi − 2) different components of u2. Thus by (11), f
determines
∑n
i=1NΣi(γi) components of u2. Since dim im Ψγ =
∑n
i=1NΣi(γi),
u2 is uniquely determined by f . Hence ‖u2‖im Ψγ ≤ c‖f‖Ck−2,α
γ−2,Pγ−2
.
3 The Friedrichs heat kernel on Riemannian man-
ifolds with conical singularities
3.1 The Friedrichs heat kernel on Riemannian manifolds
Let (M, g) be a Riemannian manifold and consider the Laplace operator acting
as an unbounded operator ∆g : C
∞
cs (M) ⊂ L2(M)→ L2(M), where C∞cs (M) is
the space of smooth functions on M with compact support. This is a symmet-
ric and nonpositive operator and by Friedrichs’ theorem [16, Ch. XI, §7, Thm.
2] there exists a closed and self-adjoint extension ∆g : dom(∆g) ⊂ L2(M) →
L2(M), called the Friedrichs extension. Then by the spectral theorem for self-
adjoint operators [16, Ch. XI, §6, Thm. 1] there exists a unique resolution of the
identity {Eλ}λ∈R such that ∆g =
∫∞
−∞ λ dEλ. Using the functional calculus for
self-adjoint operators [16, Ch XI, §12] we define the Friedrichs heat semigroup
{exp(t∆g)}t>0 by exp(t∆g) =
∫∞
−∞ exp(tλ) dEλ. Then {exp(t∆g)}t>0 is a semi-
group of bounded operators on L2(M) that maps L2(M) into
⋂∞
j=0 dom(∆
j
g)
for every t > 0.
The next proposition shows that the action of the Friedrichs heat semigroup
on L2(M) is given by an integral operator with a positive and symmetric kernel.
Proposition 3.1. Let (M, g) be a Riemannian manifold and {exp(t∆g)}t>0
the Friedrichs heat semigroup on (M, g). Then there exists a positive function
H ∈ C∞((0,∞)×M ×M), which is symmetric on M ×M , such that for every
ϕ ∈ L2(M)
(exp(t∆g)ϕ)(x) =
∫
M
H(t, x, y)ϕ(y) dVg(y). (19)
The function H is called the Friedrichs heat kernel on (M, g).
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The proof of Proposition 3.1 can be found in Davies [6, Thm 5.2.1].
There is a well known parametrix construction for the heat kernel, which
can be found in Aubin [1, Ch 4, §4.2].
Theorem 3.2. Let (M, g) be an m-dimensional Riemannian manifold and let
H be the Friedrichs heat kernel on (M, g). Then near the diagonal in M ×M ,
H has an asymptotic expansion as t→ 0 of the form
H(t, x, y) ∼ 1
(4πt)m/2
exp
(
−dg(x, y)
2
4t
) ∞∑
j=0
aj(x, y)t
j , (20)
where aj ∈ C∞(M ×M) for j ∈ N and a0(x, x) = 1 for x ∈M .
Using Theorem 3.2 and the standard regularity theory for the heat equation
on domains in Rm, see for instance Krylov [8, Ch. 5] and [9, Ch. 8], it is
straightforward to prove existence and maximal regularity of solutions for the
Cauchy problem (1) on compact Riemannian manifolds, when the free term lies
in a parabolic Ho¨lder or Sobolev space.
3.2 Asymptotics of the Friedrichs heat kernel on compact
Riemannian manifolds with conical singularities
In this subsection we discuss in an informal way the parametrix construction
for the Friedrichs heat kernel on compact Riemannian manifolds with conical
singularities following Mooers [13].
Let (M, g) be a compact m-dimensional Riemannian manifold with conical
singularities as in Definition 2.2, m ≥ 3, and let H be the Friedrichs heat
kernel on (M, g), which is a smooth function on (0,∞) ×M ′ ×M ′. Our goal
is to understand the asymptotics of H(t, x, y) for x, y ∈ M as t → 0. First
assume that x and y are close to each other and away from the singularities.
Then Theorem 3.2 gives a description of the asymptotics of H(t, x, y) as t→ 0.
Loosely speaking, if x and y are away from the conical singularities and close
to each other, then around x and y, M is modelled on the Euclidean space, and
therefore the Euclidean heat kernel gives a parametrix for the heat kernel.
Next let us consider the case, when x and y are close to a singularity. In this
case the right model to consider is not the Euclidean space anymore, but the
Riemannian cone that models the conical singularity, and we are therefore led to
study the Friedrichs heat kernel on Riemannian cones. Let (Σ, h) be a compact
and connected (m − 1)-dimensional Riemannian manifold, m ≥ 3, (C, gC) the
Riemannian cone over (Σ, h), and HC the Friedrichs heat kernel on (C, gC).
A main feature of the Laplace operator on Riemannian cones is its dilation
equivariance in radial directions. To exhibit how the dilation equivariance effects
the Friedrichs heat kernel let us define an action δs of s ∈ (0,∞) on (0,∞) ×
C′ × C′ by δs(t, σ, r, σ′, r′) = (s2t, σ, sr, σ′, sr′). If t > 0, then
(δs)∗(t∆gCϕ)(σ, r) = t∆gC (δ
s)∗(ϕ)(σ, r) for (σ, r) ∈ C′ (21)
and ϕ ∈ dom(∆gC ). Here dom(∆gC ) is the domain of the Friedrichs extension
of the Laplace operator ∆gC : C
∞
cs (C
′) ⊂ L2(C′) → L2(C′). Then (21) implies
that
(δs)∗(exp(t∆gC )ϕ) = exp(t∆gC )(δ
s)∗(ϕ) for ϕ ∈ dom(∆gC ). (22)
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From (22) and Proposition 3.1 we then conclude that
(δs)∗(HC)(t, σ, r, σ
′, r′) = HC(s
2, sr, σ, sr′, σ′) = s−mHC(t, r, σ, r
′, σ′) (23)
for (t, σ, r, σ′, r′) ∈ (0,∞)×C′ ×C′. Thus, at least in an asymptotic sense, the
Friedrichs heat kernel H on (M, g) should also satisfy the homogeneity relation
(23). Such a result can be deduced from Nagase [14, §5].
Finally let us study the function x 7→ H(t, x, y) for fixed t > 0 and y ∈
M ′. Recall that the Friedrichs heat semigroup {exp(t∆g)}t>0 is a semigroup
of bounded operators on L2(M ′). Moreover for every t > 0, exp(t∆g) maps
L2(M ′) into
⋂∞
j=0 dom(∆
j
g), and Proposition 3.1 implies that for fixed t > 0
and y ∈ M ′ the function x 7→ H(t, x, y) lies in ⋂∞j=0 dom(∆jg). By Proposition
2.11 and Theorem 2.5 we have that
⋂∞
j=0 dom(∆
j
g) =
⋂
γ∈Rn C
∞
γ,Pγ
(M ′), and
hence the function x 7→ H(t, x, y) lies in ⋂γ∈Rn C∞γ,Pγ (M ′) for fixed t > 0 and
y ∈M ′.
We now discuss parts of Mooers’ parametrix construction for the Friedrichs
heat kernel [13]. We explain this construction only in an informal way and the
interested reader should consult Mooers paper for a detailed description. In
order to describe the asymptotics of the Friedrichs heat kernel it is convenient
to introduce functions ρbf , ρtf , ρlb, ρrb, and ρtb on (0,∞)×M ′ ×M ′ as follows.
Let ρ be a radius function on M ′ and define
ρbf(t, x, y) =
√
t+ ρ(x)2 + ρ(y)2, ρtf(t, x, y) =
√
t+ dg(x, y)2√
t+ ρ(x)2 + ρ(y)2
,
ρlb(t, x, y) =
ρ(x)√
t+ ρ(x)2 + ρ(y)2
, ρrb(t, x, y) =
ρ(y)√
t+ ρ(x)2 + ρ(y)2
,
ρtb(t, x, y) =
√
t√
t+ dg(x, y)2
.
Loosely speaking we have that ρbf(t, x, y) = 0 if and only if t = 0 and ρ(x) =
ρ(y) = 0, ρtf(t, x, y) = 0 if and only if t = 0 and x = y, ρlb(t, x, y) = 0 if and only
if ρ(x) = 0, ρrb(t, x, y) = 0 if and only if ρ(y) = 0, and finally ρtb(t, x, y) = 0
if and only if t = 0 and x 6= y. In fact the functions ρbf , ρtf , ρlb, ρrb, and ρtb
should be understood as boundary defining functions on the heat space of M ,
see Melrose [12, Ch. 7, §4].
From Theorem 3.2 we have a good understanding of the asymptotics of
H(t, x, y), when x and y lie in a compact region, so we only have to study the
asymptotics of the heat kernel, when x or y are close to a singularity. The
first step in the parametrix construction for the heat kernel is to find a rough
parametrix H0, i.e. a good first approximation, for H . The rough parametrix
H0 is constructed by gluing the heat kernels on the model cones of the conical
singularities together with the heat kernel H . Since the Laplace operator on
M ′ near each conical singularity is asymptotic to the Laplace operator on the
model cone of the singularity, it follows that H0 is a good first approximation
for the heat kernel H and determines the leading order terms in the asymptotic
expansion of H in terms of ρbf , ρtf , ρlb, ρrb, and ρtb. Using the discussion from
above, we have a good understanding of the asymptotics of H0, and, in fact, one
can determine the expansion of H0 in terms of the functions ρbf , ρtf , ρlb, ρrb, and
ρtb and show that H0 ∼ ρ−mtf ρ−mbf ρ∞tbρ0lbρ0rb, see Mooers [13, Prop. 3.3]. (Note,
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however, that due to a mistake in [13, Lem. 3.2] the power −1 of the function
ρbf in Mooers’ result should be replaced by −m). What is left, is to solve away
the error terms caused by the gluing procedure and the asymptoticness of the
Laplace operator on M ′ to the Laplace operators on the model cones. This is
done in Mooers [13, Prop. 3.4 – 3.8].
Of particular importance for us are the asymptotics of H when ρlb, ρrb → 0,
since this is where the discrete asymptotics come into play. Let γ ∈ Rn and
define γ+,γ− ∈ Rn by
γ+i = min {ε ∈ EΣi : ε ≥ γi} and γ−i = max {ε ∈ EΣi : ε < γi} (24)
for i = 1, . . . , n. For γ ∈ Rn we choose a basis ψ1γ , . . . , ψNγ for im Ψγ , where
N = dim im Ψγ . Recall from above that the function x 7→ H(t, x, y) lies in⋂
γ∈Rn C
∞
γ,Pγ
(M ′) for fixed t > 0 and y ∈ M ′. Now one can deduce from [13,
Prop. 3.5] that there exist functions H1γ , . . . , H
N
γ ∈ C∞((0,∞)×M ′) that admit
an asymptotic expansion of the form
Hjγ ∼ ρ−mtf ρ−mbf ρ∞tbρ−γ
−
rb for j = 1, . . . , N, (25)
and such that we have an asymptotic expansion of the form
H −
∑N
j=1
ψjγH
j
γ ∼ ρ−mtf ρ−mbf ρ∞tbργ
+
lb . (26)
The time derivatives of H then admit a similar expansion, and from (25) and
(26) we then deduce the following result.
Theorem 3.3. Let (M, g) be a compact m-dimensional Riemannian manifold
with conical singularities as in Definition 2.2, m ≥ 3, H the Friedrichs heat
kernel on (M, g), and γ ∈ Rn. For l ∈ N choose a basis ψ1γ−2l, . . . , ψNlγ−2l for
im Ψγ−2l, where Nl = dim im Ψγ−2l. Then the following holds.
For each l ∈ N there exist functions H1γ−2l, . . . , HNlγ−2l ∈ C∞((0,∞) ×M ′)
and constants cl > 0, such that for each l ∈ N
|Hjγ−2l(t, y)| ≤ cl · (t+ ρ(y)2)−
m+(γ−2l)−
2 for t > 0, y ∈M ′
and j = 1, . . . , Nl, and∣∣∣∂ltH(t, x, y)−∑Nl
j=1
ψjγ−2l(x)H
j
γ−2l(t, y))
∣∣∣
≤ cl · (t+ dg(x, y)2)−
m+l
2
(
ρ(x)2
ρ(x)2 + ρ(y)2
) (γ−2l)+
2
,
for t > 0, and x, y ∈M ′. Here γ+ and γ− are given in (24).
4 The Cauchy problem for the heat equation
4.1 Weighted parabolic Ho¨lder and Sobolev spaces with
discrete asymptotics
We first define Ck-spaces, Ho¨lder spaces, and Sobolev spaces of maps u : I → X ,
where I ⊂ R is an open and bounded interval and X is a Banach space. For
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k ∈ N we define Ckloc(I;X) to be the space of k-times continuously differentiable
maps u : I → X . We define the Ck-norm by
‖u‖Ck =
k∑
j=0
sup
t∈I
‖∂jtu(t)‖X for u ∈ Ckloc(I;X),
whenever it is finite, and we define
Ck(I;X) =
{
u ∈ Ckloc(I;X) : ‖u‖Ck <∞
}
.
Moreover for α ∈ (0, 1) we define the Ck,α-norm by
‖u‖Ck,α = ‖u‖Ck + sup
t6=s∈I
‖∂kt u(t)− ∂kt u(s)‖X
|t− s|α for u ∈ C
k
loc(I;X),
whenever it is finite. By Ck,αloc (I;X) we denote the space of maps u ∈ Ckloc(I;X)
with locally finite Ck,α-norm, and we define
Ck,α(I;X) =
{
u ∈ Ck,αloc (I;X) : ‖u‖Ck,α <∞
}
.
Then Ck(I;X) and Ck,α(I;X) are both Banach spaces.
Next we define Sobolev spaces of maps u : I → X . Let k ∈ N and p ∈ [1,∞).
For a k-times weakly differentiable map u : I → X we define the W k,p-norm by
‖u‖Wk,p =

 k∑
j=0
∫
I
‖∂jtu(t)‖pX dt


1/p
,
whenever it is finite. We denote by W k,ploc (I;X) the space of k-times weakly
differentiable maps u : I → X with locally finite W k,p-norm, and we define
W k,p(I;X) =
{
u ∈W k,ploc (I;X) : ‖u‖Wk,p <∞
}
.
Then W k,p(I;X) is a Banach space. If k = 0, then we write Lploc(I;X) and
Lp(I;X) instead of W 0,ploc (I;X) and W
0,p(I;X), respectively.
We can now define weighted parabolic Ck-spaces and Ho¨lder spaces. Let
(M, g) be a compact m-dimensional Riemannian manifold with conical singu-
larities as in Definition 2.2, ρ a radius function on M ′, and I ⊂ R an open and
bounded interval. For k, l ∈ N with 2k ≤ l and γ ∈ Rn we define
Ck,lγ (I ×M ′) =
k⋂
j=0
Cj(I;Cl−2jγ−2j(M
′)).
If α ∈ (0, 1), then we define the weighted parabolic Ho¨lder space Ck,l,αγ (I ×M ′)
by
Ck,l,αγ (I ×M ′) =
k⋂
j=0
Cj,α/2(I;Cl−2jγ−2j(M
′)) ∩ Cj(I;Cl−2j,αγ−2j (M ′)).
Clearly Ck,lγ (I ×M ′) and Ck,l,αγ (I ×M ′) are both Banach spaces.
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Next we define weighted parabolic Sobolev spaces. Let k, l ∈ N with 2k ≤ l,
p ∈ [1,∞), and γ ∈ Rn. The weighted parabolic Sobolev space W k,l,pγ (I ×M ′)
is given by
W k,l,pγ (I ×M ′) =
k⋂
j=0
W j,p(I;W l−2j,pγ−2j (M
′)).
Then W k,l,pγ (I ×M ′) is a Banach space.
Finally we define weighted parabolic spaces with discrete asymptotics. Thus
ifm ≥ 3, then for k, l ∈ N with 2k ≤ l we define the weighted parabolic Ck-space
Ck,lγ,Pγ (I ×M ′) with discrete asymptotics by
Ck,lγ,Pγ (I ×M ′) =
k⋂
j=0
Cj(I;Cl−2jγ−2j,Pγ−2j (M
′)),
and if α ∈ (0, 1), then we define the weighted parabolic Ho¨lder space Ck,l,αγ,Pγ (I ×
M ′) with discrete asymptotics by
Ck,l,αγ,Pγ (I ×M ′) =
k⋂
j=0
Cj,α/2(I;Cl−2jγ−2j,Pγ−2j (M
′)) ∩ Cj(I;Cl−2j,αγ−2j,Pγ−2j (M ′)).
Then both Ck,lγ,Pγ (I ×M ′) and C
k,l,α
γ,Pγ
(I ×M ′) are Banach spaces. If p ∈ [1,∞),
then we define the weighted parabolic Sobolev spaceW k,l,pγ,Pγ (I×M ′) with discrete
asymptotics by
W k,l,pγ,Pγ (I ×M ′) =
k⋂
j=0
W j,p(I;W l−2j,pγ−2j,Pγ−2j (M
′)).
Clearly W k,l,pγ,Pγ (I ×M ′) is a Banach space.
4.2 Weighted Schauder and Lp-estimates
The next proposition gives the weighted Lp-estimates for solutions to the inho-
mogeneous heat equation.
Proposition 4.1. Let (M, g) be a compact m-dimensional Riemannian man-
ifold with conical singularities as in Definition 2.2. Let T > 0, k ∈ N with
k ≥ 2, p ∈ (1,∞), and γ ∈ Rn. Let f ∈ W 0,k−2,pγ−2 ((0, T ) × M ′) and u ∈
W 0,0,pγ ((0, T ) ×M ′). Assume that u ∈ W 1,2((0, T ) × N) for every N ⊂⊂ M ′
and ∂tu = ∆gu+ f . Then u ∈ W 1,k,pγ ((0, T )×M ′) and there exists a constant
c > 0 independent of u and f , such that
‖u‖W 1,k,pγ ≤ c
(
‖f‖W 0,k−2,pγ−2 + ‖u‖W 0,0,pγ
)
. (27)
Proof. Let f ∈W 0,k−2,pγ−2 ((0, T )×M ′) and assume that u ∈ W 0,0,pγ ((0, T )×M ′)
with u ∈ W 1,2,p((0, T ) × N) for every N ⊂⊂ M ′. Then it follows from the
standard Lp-estimates [8, Ch. 5, §2, Thm. 5] that for every N1, N2 ⊂⊂ M ′
with N1 ⊂⊂ N2 there exists a constant c > 0, such that
‖u‖W 1,k,p ≤ c (‖f‖W 0,k−2,p + ‖u‖W 0,0,p) , (28)
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where the norm on the left side is on (0, T )×N1 and the norm on the right side
is on (0, T )×N2. Thus it remains to prove the weighted Lp-estimate (27) near
each singularity. Without loss of generality we can assume that R ≤ √T , where
R is as in Definition 2.2. Then for s ∈ (0, R) and i = 1, . . . , n we define
δsi : (
1
2 , 1)× Σi × (12 , 1) −→ (0, T )× Σ× (0, R), δsi (t, σ, r) = (s2t, σ, sr).
Denote ui = φ
∗
i (u) and fi = φ
∗
i (f) for i = 1, . . . , n and define functions u
s
i , f
s
i :
(12 , 1)× Σ× (12 , 1) → R by usi = s−γi(δsi )∗(ui) and f si = s2−γi(δsi )∗(fi) for
s ∈ (0, R) and i = 1, . . . , n. Then there exists a constant c > 0, such that
‖usi‖W 0,0,p , ‖f si ‖W 0,k−2,p ≤ c on (12 , 1)× Σ× (12 , 1) (29)
for s ∈ (0, R) and i = 1, . . . , n. Using the definition of usi and f si we find that
∂usi
∂t
= ∆giu
s
i + L
s
iu
s
i + f
s
i on (
1
2 , 1)× Σ× (12 , 1)
for i = 1, . . . , n, where Lsi is a second order differential operator defined by
Lsiv = s
2
{
∆φ∗i (g)((δ
1/s
i )
∗(v))−∆gi ((δ1/si )∗(v))
}
◦ δsi .
From (2) it follows that the coefficients of Lsi and their derivatives converge to
zero uniformly on compact subsets of Σi × (12 , 1) as s → 0. Using (29) and
again the Lp-estimates from [8, Ch. 5, §2, Thm. 5] it follows that there exists
a constant c > 0, such that for every s ∈ (0, κ), where κ ∈ (0, R) is sufficiently
small, and i = 1, . . . , n we have
‖usi‖W 1,k,p ≤ c (‖f si ‖W 0,k−2,p + ‖usi‖W 0,0,p) , (30)
where the norm on the left side is on (12 , 1)× Σi × (23 , 34 ) and the norm on the
right side is on (12 , 1)×Σi× (12 , 1). Then it follows that u ∈ W 1,k,pγ ((0, T )×M ′)
and (28) and (30) together imply (27).
The next proposition gives the weighted Schauder estimates for solutions of
the inhomogeneous heat equation.
Proposition 4.2. Let (M, g) be a compact m-dimensional Riemannian mani-
fold with conical singularities as in Definition 2.2. Let T > 0, k ∈ N with k ≥ 2,
α ∈ (0, 1), and γ ∈ Rn. Let f ∈ C0,k−2,αγ−2 ((0, T )×M ′) and u ∈ C0,0γ ((0, T )×M ′).
Assume that u ∈ C1,k,α((0, T ) × N) for every N ⊂⊂ M ′ and ∂tu = ∆gu + f .
Then u ∈ C1,k,αγ ((0, T )×M ′) and there exists a constant c > 0 independent of
u and f , such that
‖u‖C1,k,αγ ≤ c
(
‖f‖C0,k−2,αγ−2 + ‖u‖C0,0γ
)
. (31)
Proposition 4.2 is proved in exactly the same way as Proposition 4.1.
4.3 The Cauchy problem for the heat equation. I. Maxi-
mal Ho¨lder regularity
Throughout this subsection (M, g) will be a compact m-dimensional Rieman-
nian manifold with conical singularities as in Definition 2.2, m ≥ 3, ρ a radius
function on M ′, and H will denote the Friedrichs heat kernel on (M, g).
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If f : (0, T ) ×M ′ → R, T > 0, is a function, then the convolution H ∗ f :
(0, T )×M ′ → R of H and f is given by
(H ∗ f)(t, x) =
∫ t
0
∫
M ′
H(t− s, x, y)f(s, y) dVg(y) ds (32)
for t ∈ (0, T ) and x ∈M ′, whenever it is well defined.
In the next two propositions we prove two elementary, though important,
estimates for the convolution of H with powers of ρ.
Proposition 4.3. Let γ ∈ Rn with γ > 2 −m and γi /∈ EΣi for i = 1, . . . , n.
Then there exist constants cl > 0 for l ∈ N, such that∣∣∣∣
((
∂ltH −
∑Nl
j=1
ψjγ−2lH
j
γ−2l
)
∗ ργ−2
)
(t, x)
∣∣∣∣ ≤ cl · ρ(x)γ−2l
for every t ∈ (0,∞) and x ∈M ′. Here ψjγ−2l and Hjγ−2l are as in Theorem 3.3
for j = 1, . . . , Nl.
Proof. We only consider the case l = 0, the general case is proved in a similar
way. Throughout this proof c will denote a positive constant that is independent
of t ∈ (0,∞) and x ∈ M ′ and that may be increased in each step of the proof.
Denote
I(t, x) =
((
H −
∑N0
j=1
ψjγH
j
γ
)
∗ ργ−2
)
(t, x)
for t ∈ (0,∞) and x ∈M ′. Using Theorem 3.3 we find that
|I(t, x)| ≤
∫ t
0
∫
M ′
∣∣∣∣H(s, x, y)−∑N0j=1 ψjγ(x)Hjγ(s, y)
∣∣∣∣ ρ(y)γ−2 dVg(y) ds
≤ c · ρ(x)γ+
∫
M ′
ρ(y)γ−2(ρ(x)2 + ρ(y)2)−
γ+
2
∫ t
0
(s+ dg(x, y)
2)−
m
2 ds dVg(y),
where γ+ is as in (24). Since m ≥ 3, we can estimate the integral with respect
to s by ∫ t
0
(s+ dg(x, y)
2)−
m
2 ds ≤ c · dg(x, y)2−m
and thus obtain
|I(t, x)| ≤ c · ρ(x)γ+
∫
M ′
ρ(y)γ−2(ρ(x)2 + ρ(y)2)−
γ+
2 dg(x, y)
2−m dVg(y). (33)
For the sake of simplicity we assume from now on that φi(g) = gi for i =
1, . . . , n. The general case then follows in a similar way because the error terms
caused by the asymptotic condition (2) can be controlled by the same estimates
which we now prove. Let R′ > 0 with R2 < R
′ < R and assume that x lies
in S′i = {x ∈ M : 0 < d(x, xi) < R′} for some i = 1, . . . , n. The case
x ∈M ′\S′i is dealt with in a similar way. We now split the integral over M ′ in
(33) into two integrals, one over Si and the other one over M
′\Si. Recall that
Si = {x ∈M : 0 < d(x, xi) < R}. We first study the integral over Si.
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If y ∈ Si, then dg(x, y)2 ≥ c(r2 + r′2)dh(σ, σ′)2 for every y ∈ Si where
x = φi(σ, r) and y = φi(σ
′, r′). Moreover let us assume that ρ(x) = r and
ρ(y) = r′. Using dVgi (σ
′, r′) = r′m−1dr′ dVhi(σ
′) we thus obtain∫
Si
ρ(y)γ−2(ρ(x)2 + ρ(y)2)−
γ+
2 dg(x, y)
2−m dVg(y)
≤ c
∫ R
0
∫
Σi
r′γi+m−3(r2 + r′2)1−
m+γ
+
i
2 dh(σ, σ
′)2−m dVh(σ
′) dr′
≤ c
∫ R
0
r′γi+m−3(r2 + r′2)1−
m+γ
+
i
2 dr′,
where in the last estimate we use that the integral with respect to σ′ is finite,
since Σi is compact and dimΣi = m−1. With the change of variables r′ 7→ ̺ =
( r
′
r )
2 we find
∫ R
0
r′γi+m−3(r2 + r′2)1−
m+γ
+
i
2 dr′ ≤ c · rγi−γ+i
∫ ∞
0
̺
γi+m−4
2 (1 + ̺)1−
m+γ
+
i
2 d̺.
Now the integral with respect to ̺ is finite if and only if γi+m−42 > −1 and
γi+m−4
2 + 1 −
m+γ+i
2 < −1, which holds if and only if 2 − m < γi < γ+i .
Therefore we obtain that
ρ(x)γ
+
∫
Si
ρ(y)γ−2(ρ(x)2 + ρ(y)2)−
γ+
2 dg(x, y)
2−m dVg(y) ≤ c · ρ(x)γ . (34)
Now assume that y ∈ M ′\Si. Then dg(x, y) is uniformly bounded from
below, as x ∈ S′i. Hence we can estimate dg(x, y)2 ≥ c(ρ(x)2 + ρ(y)2) uniformly
for y ∈M ′\Si. From (33) we thus obtain∫
M ′\Si
ρ(y)γ−2(ρ(x)2 + ρ(y)2)−
γ+
2 dg(x, y)
2−m dVg(y)
≤ c
∫
M ′\Si
ρ(y)γ−2(ρ(x)2 + ρ(y)2)1−
m+γ+
2 dVg(y).
Using the same estimates as before it is now straightforward to check that∫
M ′\Si
ρ(y)γ−2(ρ(x)2 + ρ(y)2)1−
m+γ+
2 dVg(y) ≤ c · ρ(x)γ−γ
+
.
We find that
ρ(x)γ
+
∫
M ′\Si
ρ(y)γ−2(ρ(x)2 + ρ(y)2)−
γ+
2 dg(x, y)
2−m dVg(y) ≤ c · ρ(x)γ . (35)
Finally from (33), (34), and (35) we conclude that |I(t, x)| ≤ c · ρ(x)γ for
t ∈ (0,∞) and x ∈M ′, as we wanted to show.
Proposition 4.4. Let γ ∈ Rn with γ > 2 −m and γi /∈ EΣi for i = 1, . . . , n.
Then there exist constants cl > 0 for l ∈ N, such that
∣∣(Hjγ−2l ∗ ργ−2)(t)∣∣ ≤ cl
for every t ∈ (0,∞) and j = 1, . . . , Nl. Here Hjγ−2l is as in Theorem 3.3.
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Proof. Again we only consider the case l = 0. Again c will denote a positive
constant that is independent of t ∈ (0,∞) and x ∈M ′ and that may be increased
in each step of the proof. Fix some j = 1, . . . , N0 and denote I(t) = (H
j
γ ∗
ργ−2)(t) for t ∈ (0,∞). Using the estimates from Theorem 3.3 we obtain that
|I(t)| ≤
∫
M ′
|Hjγ(s, y)|ρ(y)γ−2 dVg(y)
≤ c
∫
M ′
ρ(y)γ−2
∫ t
0
(s+ ρ(y)2)−
m+γ−
2 ds dVg(y),
where γ− is as in (24). We can estimate the integral with respect to s by∫ t
0
(s+ ρ(y)2)−
m+γ−
2 ds ≤ c · ρ(y)2−m−γ−
and hence we obtain that
|I(t)| ≤ c
∫
M ′
ρ(y)γ−γ
−−m dVg(y). (36)
Using that the Riemannian metric φ∗i (g) is asymptotic to the Riemannian cone
metric gi on Σi × (0, R) and using that dVgi(σ, r) = rm−1dr dVhi(σ) it follows
that the integral in (36) is finite if and only if γ − γ− − m + (m − 1) > −1,
which holds if and only if γ > γ−.
Using Propositions 4.3 and 4.4 we are now able to prove existence and max-
imal regularity of solutions to (1), when f lies in a weighted parabolic Ho¨lder
space with discrete asymptotics.
Theorem 4.5. Let (M, g) be a compact m-dimensional Riemannian manifold
with conical singularities as in Definition 2.2, m ≥ 3. Let T > 0, k ∈ N with
k ≥ 2, α ∈ (0, 1), and γ ∈ Rn with γ > 2 −m and γi /∈ EΣi for i = 1, . . . , n.
Given f ∈ C0,k−2,αγ−2,Pγ−2((0, T )×M ′), there exists a unique u ∈ C
1,k,α
γ,Pγ
((0, T )×M ′)
solving the Cauchy problem (1).
Proof. Let f ∈ C0,k−2,αγ−2,Pγ−2((0, T )×M ′), then we can write f = f1 + f2 with
f1 ∈ C0,k−2,αγ−2 ((0, T )×M ′) and f2 ∈ C0,α/2((0, T ); im Ψγ−2).
Define u = H ∗ f , u1 = H ∗ f1, and u2 = H ∗ f2, where H is the Friedrichs heat
kernel. Using Theorem 3.3 we can write
u1(t, x) =
((
H −
∑N0
j=1
ψjγH
j
γ
)
∗ f1
)
(t, x) +
∑N0
j=1
ψjγ(x)(H
j
γ ∗ f1)(t)
for t ∈ (0, T ) and x ∈M ′. Using that f1 ∈ C0,k−2,αγ−2 ((0, T )×M ′) and Proposition
4.3 we find that∣∣∣∣
((
H −
∑N0
j=1
ψjγH
j
γ
)
∗ f1
)
(t, x)
∣∣∣∣ ≤ c‖f1‖C0,0γ−2ρ(x)γ .
Moreover, from Proposition 4.4 it follows that
|(Hjγ ∗ f1)(t)| ≤ c‖f1‖C0,0γ−2
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for j = 1, . . . , N0. Hence u1 ∈ C0,0γ,Pγ ((0, T )×M ′). In a similar way one can now
show that in fact u1 ∈ C1,k,αγ,Pγ ((0, T )×M ′).
Alternatively one can show that u1 ∈ C1,k,α((0, T )×N) for every N ⊂⊂M ′.
If γ < 0, then the discrete asymptotics are trivial and the weighted Schauder
estimates from Proposition 4.2 imply that u1 ∈ C1,k,αγ,Pγ ((0, T ) × M ′). If γ >
0, then u1 ∈ C0,00 ((0, T ) × M ′), since the discrete asymptotics are bounded
functions on M ′. Therefore again the weighted Schauder estimates imply that
in fact u1 ∈ C1,k,α0 ((0, T )×M ′). But then using Proposition 2.11 and a simple
iteration argument we conclude that u1 ∈ C1,k,αγ,Pγ ((0, T )×M ′).
The same argument as before also shows that u2 = H∗f2 lies in C1,l,αδ,Pδ ((0, T )×
M ′) for every l ∈ N and δ ∈ Rn. Hence u ∈ C1,k,αγ,Pγ ((0, T ) ×M ′) and u solves
the Cauchy problem (1).
In order to show that u is the unique solution of the Cauchy problem (1) it
suffices to show that if u ∈ C1,k,αγ,Pγ ((0, T )×M ′) solves the Cauchy problem (1)
with f ≡ 0, then u ≡ 0. Thus let u ∈ C1,k,αγ,Pγ ((0, T )×M ′) be a solution of (1)
with f ≡ 0 and assume first that γ > 3− m2 . Then for t ∈ (0, T )
d
dt
‖u(t, ·)‖2L2 = 2〈∆gu(t, ·), u(t, ·)〉L2 = −2‖∇u(t, ·)‖2L2 ≤ 0.
Since u(0, ·) ≡ 0, it follows that u ≡ 0. Now assume that γ ∈ Rn with 2−m <
γ ≤ 3 − m2 . Then it easily follows that
∫
M ′
u(t, x) dVg(x) = 0 for t ∈ (0, T ).
Using Proposition 2.11 we can define u1 = ∆
−1
g u. Then u1 ∈ C1,k+2,αγ+2,Pγ+2((0, T )×
M ′) and u1 solves the Cauchy problem (1) with f ≡ 0. We can iterate this
argument and define ul = ∆
−l
g u for l ∈ N with γ + 2l > 3 − m2 . Then ul ∈
C1,k+2l,αγ+2l,Pγ+2l((0, T )×M ′) and ul solves the Cauchy problem (1) with f ≡ 0. Then
as above it follows that ul ≡ 0 and hence u ≡ 0. This completes the proof of
Theorem 4.5.
4.4 The Cauchy problem for the heat equation. II. Max-
imal Sobolev regularity
We first prove a generalization of Young’s inequality on Riemannian manifolds
with conical singularities involving weighted Lp-norms. The proof follows the
same ideas as in Aubin [1, Prop. 3.64].
Proposition 4.6. Let (M, g) be a compact m-dimensional Riemannian mani-
fold with conical singularities as in Definition 2.2, T > 0, p ∈ (1,∞), and δ, ε ∈
R
n. Let f ∈ W 0,0,pε ((0, T )×M ′) and G ∈ C0loc(((0, T )× (0, T )×M ′ ×M ′)\∆),
where ∆ = {(t, t, x, x) : t ∈ (0, T ), x ∈M ′}. Assume that
sup
t∈(0,T )
x∈M ′
ρ(x)α2‖G(t, ·, x, ·)‖W 0,0,1
−β2−m
, sup
s∈(0,T )
y∈M ′
ρ(y)β1‖G(·, s, ·, y)‖W 0,0,1
−α1+δp
<∞
for some α1,α2,β1,β2 ∈ Rn that satisfy
α1
p
+α2
(
1− 1
p
)
= 0 and
β1
p
+ β2
(
1− 1
p
)
= ε+
m
p
. (37)
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Then G ∗ f ∈W 0,0,pδ ((0, T )×M ′) and moreover
‖G ∗ f‖W 0,0,p
δ
≤ ‖f‖W 0,0,pε sup
t∈(0,T )
x∈M ′
ρ(x)α2(1−
1
p
)‖G(t, ·, x, ·)‖1−
1
p
W 0,0,1
−β2−m
× sup
s∈(0,T )
y∈M ′
ρ(y)
β1
p ‖G(·, s, ·, y)‖
1
p
W 0,0,1
−α1+δp
.
Proof. Without loss of generality we can assume that f and G are non-negative.
We write
G(t, s, x, y)f(s, y) = (G(t, s, x, y)f(s, y)p)
1
p G(t, s, x, y)1−
1
p
= (G(t, s, x, y)fε(s, y)
p)
1
p G(t, s, x, y)1−
1
p ρ(y)ε+
m
p
=
(
ρ(x)α1ρ(y)β1G(t, s, x, y)fε(s, y)
p
) 1
p
(
ρ(x)α2ρ(y)β2G(t, s, x, y)
)1− 1
p ,
where fε(s, y) = ρ(y)
−ε−m
p f(s, y) and α1,α2,β1,β2 ∈ Rn satisfy (37). Using
Ho¨lder’s inequality we find
|(G ∗ f)(t, x)| ≤
(∫ T
0
∫
M ′
ρ(x)α1ρ(y)β1G(t, s, x, y)fε(s, y)
pdVg(y) ds
) 1
p
×
(∫ T
0
∫
M ′
ρ(x)α2ρ(y)β2G(t, s, x, y) dVg(y) ds
)1− 1
p
.
It follows that
‖G ∗ f‖p
W 0,0,p
δ
≤
T∫
0
∫
M ′


T∫
0
∫
M ′
ρ(x)ζ1ρ(y)β1G(t, s, x, y)fε(s, y)
p dVg(y) ds
×

 T∫
0
∫
M ′
ρ(x)α2ρ(y)β2G(t, s, x, y) dVg(y) ds


p−1

 dVg(x) dt
with ζ1 = α1 − δp−m. Observe that∫ T
0
∫
M ′
ρ(x)α2ρ(y)β2G(t, s, x, y) dVg(y) ds = ρ(x)
α2‖G(t, ·, x, ·)‖W 0,0,1
−β2−m
.
Hence
‖G ∗ f‖p
W 0,0,p
δ
≤

 sup
t∈(0,T )
x∈M ′
ρ(x)α2‖G(t, ·, x, ·)‖W 0,0,1
−β2−m


p−1
×
T∫
0
∫
M ′


T∫
0
∫
M
ρ(x)ζ1ρ(y)β1G(t, s, x, y)fε(s, y)
p dVg(y) ds

 dVg(x) dt.
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Finally we have
T∫
0
∫
M ′


T∫
0
∫
M ′
ρ(x)ζ1ρ(y)β1G(t, s, x, y)fε(s, y)
p dVg(y) ds

 dVg(x) dt
=
T∫
0
∫
M ′


T∫
0
∫
M ′
ρ(x)ζ1G(t, s, x, y) dVg(x) dt

 ρ(y)β1fε(s, y)p dVg(y) ds
=
T∫
0
∫
M ′
‖G(·, s, ·, y)‖W 0,0,1
−α1+δp
ρ(y)β1fε(s, y)
p dVg(y) ds
≤ ‖f‖pε sup
s∈(0,T )
y∈M ′
ρ(y)β1‖G(·, s, ·, y)‖W 0,0,1
−α1+δp
from which the claim follows.
The next proposition is proved in a similar way to Proposition 4.6.
Proposition 4.7. Let (M, g) be a compact m-dimensional Riemannian man-
ifold with conical singularities as in Definition 2.2, T > 0, p ∈ (1,∞), and
δ, ε ∈ Rn. Let f ∈W 0,0,pε ((0, T )×M ′) and G ∈ C0loc(((0, T )× (0, T )×M ′)\∆),
where ∆ = {(t, t, x) : t ∈ (0, T ), x ∈M ′}. Assume that
sup
t∈(0,T )
‖G(t, ·, ·)‖W 0,0,1
−α2−m
, sup
s∈(0,T )
x∈M ′
ρ(x)α1‖G(·, s, y)‖L1 <∞
for some α1,α2 ∈ Rn that satisfy
α1
p
+α2
(
1− 1
p
)
= ε+
m
p
. (38)
Then G ∗ f ∈ Lp((0, T )) and moreover
‖G ∗ f‖Lp ≤ ‖f‖W 0,0,pε sup
t∈(0,T )
‖G(t, ·, ·)‖1−
1
p
W 0,0,1
−α2−m
sup
s∈(0,T )
x∈M ′
ρ(x)
α1
p ‖G(·, s, x)‖
1
p
L1 .
Using Propositions 4.6 and 4.7 we are now able to prove existence and maxi-
mal regularity of solutions to the Cauchy problem (1), when f lies in a weighted
parabolic Sobolev space with discrete asymptotics.
Theorem 4.8. Let (M, g) be a compact m-dimensional Riemannian manifold
with conical singularities as in Definition 2.2, m ≥ 3. Let T > 0, k ∈ N with k ≥
2, p ∈ (1,∞), and γ ∈ Rn with γ > 2−m and γi /∈ EΣi for i = 1, . . . , n. Given
f ∈W 0,k−2,pγ−2,Pγ−2((0, T )×M ′), then there exists a unique u ∈W
1,k,p
γ,Pγ
((0, T )×M ′)
solving the Cauchy problem (1).
Proof. Let f ∈W 0,k−2,pγ−2,Pγ−2((0, T )×M ′). Then we can write f = f1 + f2 with
f1 ∈ W 0,k−2,pγ−2 ((0, T )×M ′) and f2 ∈ Lp((0, T ); im Ψγ−2).
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Let H be the Friedrichs heat kernel on (M, g) and define u = H ∗f , u1 = H ∗f1,
and u2 = H ∗ f2.
The first step is to show that u1 ∈ W 0,0,pγ,Pγ ((0, T )×M). Using Theorem 3.3
we write
u1(t, x) =
((
H −
∑N0
j=1
ψjγH
j
γ
)
∗ f1
)
(t, x) +
∑N0
j=1
ψjγ(x)(H
j
γ ∗ f1)(t) (39)
for t ∈ (0, T ) and x ∈M ′. We begin by showing that the first term on the right
side of (39) lies in W 0,0,pγ ((0, T )×M ′). Define G ∈ C0loc(((0, T )× (0, T )×M ′ ×
M ′)\∆) by
G(t, s, x, y) = H(|t− s|, x, y)−
∑N0
j=1
ψjγ(x)H
j
γ(|t− s|, y),
where ∆ is as in Proposition 4.6. Notice that∣∣∣∣
(
H −
∑N0
j=1
ψjγH
j
γ
)
∗ f1(t, x)
∣∣∣∣ ≤ (|G| ∗ |f1|)(t, x).
We now apply Proposition 4.6 with δ = γ and ε = γ − 2. Then we have to
show that that
sup
t∈(0,T )
x∈M ′
ρ(x)α2‖G(t, ·, x, ·)‖W 0,0,1
−β2−m
, sup
s∈(0,T )
y∈M ′
ρ(y)β1‖G(·, s, ·, y)‖W 0,0,1
−α1+γp
<∞,
where α1,α2,β1,β2 ∈ Rn satisfy (37). Since γ+ ≥ 0, where γ+ is as in (24),
and p > 1, it suffices to prove that
sup
t∈(0,T )
x∈M ′
ρ(x)α2‖G(t, ·, x, ·)‖W 0,0,1
−β2−m+
γ+
p−1
, sup
s∈(0,T )
y∈M ′
ρ(y)β1‖G(·, s, ·, y)‖W 0,0,1
−α1+γp
<∞.
(40)
We analyze the first term. Note that
‖G(t, ·, x, ·)‖W 0,0,1
−β2−m+
γ+
p−1
= |G ∗ ρβ2− γ
+
p−1 |(t, x).
If −m < β2 − γ
+
p−1 < γ
+ − 2, then by Proposition 4.3 there exists a constant
c > 0, such that
|G ∗ ρβ2− γ
+
p−1 |(t, x) ≤ c · ρ(x)β2− γ
+
p−1+2.
Hence, if
α2 + β2 −
γ+
p− 1 + 2 ≥ 0 and −m < β2 −
γ+
p− 1 < γ
+ − 2, (41)
then the first term in (40) is finite. In a similar way we find that if
−m < α1 − γp−m < 2− γ+ and β1 +α1 − γp−m+ 2 ≥ 0, (42)
then the second term in (40) is finite. A straightforward computation now shows
that (41) and (42) are equivalent to the existence of a β ∈ Rn with
γ+
p− 1 −m < β <
γ+
p− 1 +γ
+− 2 and γp
p− 1 − 2 < β <
γ + 2−m+ γ+
p− 1 − 2.
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Such a β exists if and only if m ≥ 3 and 2−m < γ < γ+. It follows that(
H −
∑N0
j=1
ψjγH
j
γ
)
∗ f1 ∈W 0,0,pγ ((0, T )×M ′). (43)
The next step is to show that Hjγ ∗ f1 ∈ Lp((0, T )) for j = 1, . . . , N0. Fix
some j = 1, . . . , N0 and define G ∈ C0loc(((0, T )×(0, T )×M ′)\∆) by G(t, s, x) =
Hjγ(|t− s|, x), where ∆ is as in Proposition 4.7. We now apply Proposition 4.7
with ε = γ − 2. Then it suffices to show that
sup
t∈(0,T )
‖G(t, ·, ·)‖W 0,0,1
−α2−m
, sup
s∈(0,T )
x∈M ′
ρ(x)α1‖G(·, s, y)‖L1 <∞ (44)
for some α1,α2 ∈ Rn that satisfy (38). Using Proposition 4.4 it follows that if
α2 > γ
− + 2 and α1 + 2−m− γ− ≥ 0, (45)
then the two terms in (44) are finite. It is now straightforward to show that
(38) and (45) have a solution if and only if γ > γ−. Together with (43) we
conclude that u1 ∈W 0,0,pγ,Pγ ((0, T )×M ′).
The same arguments as in the proof of Theorem 4.5 then show that in fact
u1 ∈ W 1,k,pγ,Pγ ((0, T ) × M ′) and u2 ∈ W
1,l,p
δ,Pδ
((0, T ) × M ′) for every l ∈ N and
δ ∈ Rn. Hence u ∈ W 1,k,pγ,Pγ ((0, T ) ×M ′) as we wanted to show. Finally the
uniqueness follows as in the proof of Theorem 4.5.
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